It has often been suggested that strings propagating on spatial sections with one or more dimensions compactified to a circle might help to resolve the initial singularity in cosmology. Assuming that Inflation occurred, it can however be shown, under extremely mild assumptions, that spatial sections having first homology groups which contain an element of infinite order actually worsen the singularity problem. We illustrate the force of this observation by explaining its consequences for recent ideas about winding strings and tachyon condensation as resolutions of the initial singularity. We argue that, in order to understand the initial singularity, one has to understand why the versions of de Sitter spacetime with compact flat spatial sections are themselves geodesically incomplete. To this end, we study the problem of the "twins" in these spacetimes. This study suggests that the singularity is not "resolved" but is instead made physically inaccessible.
The Paradox of Toral Cosmology
It has often been suggested that the spatial sections of our Universe might have the topology of a manifold covered by a space with non-trivial one-dimensional cycles ["circular factors"]. This idea is particularly natural in string theory, since of course the possibility of winding strings around non-trivial cycles opens the way for distinctively "stringy" phenomena to appear. In addition, cosmologies with flat, compact spatial sections are of interest in string theory because, as Ooguri et al [1] have pointed out, they decouple the spatial length scale from the overall spacetime length scale, allowing the initial spatial size parameters of the Universe to be regarded as moduli to be selected by a wave function with amplitudes peaked at the appropriate values. It was argued in [2] that, in fact, the string-theoretic version of the Hartle-Hawking wave function proposed by Ooguri et al can only be constructed [in four dimensions] for such "toral" cosmologies.
The idea that toral cosmology might be particularly well-adapted to string theory is reinforced by work suggesting that windings of strings [or other extended objects] around non-trivial cycles might help to resolve the initial cosmological singularity. The original version of this idea goes back to Brandenberger and Vafa [see [3] ]; the idea has been studied more recently, from a different point of view, by Berkooz et al [4] . Still more recently, the idea that windings of extended objects might resolve spacelike singularities has taken on a more concrete form as a result of the McGreevy-Silverstein [5] [6] work on the condensation of tachyonic strings in the early Universe; see [7] for comments and many further references.
At the same time, the theory of cosmological Inflation has been enjoying several remarkable successes, and one might well go so far as to maintain [8] that a period of exponential expansion in the very early Universe is almost an observational fact. It is therefore relevant here that Inflation does not, in itself, solve the problem of the initial singularity. Under certain restrictive assumptions, this has been known for some time [9] . What is less generally known is that, precisely in the case where the spatial sections allow winding modes, this conclusion has recently been enormously strengthened, in the sense that the presence of a singularity preceding Inflation can now be deduced [10] [11] under extremely mild conditions if the spatial sections near the end of Inflation contain a circle. That is, the combination of Inflation with the presence of at least one circular spatial dimension does not help to resolve the singularity problem: instead, it seems to make it worse. The details are as follows.
One of the theorems proved by Andersson and Galloway can be phrased in physical language as follows. Consider a four-dimensional spacetime M, and suppose that M is generically future asymptotically de Sitter 1 and non-singular to the future 2 . Suppose that the Null Energy Condition [NEC] and the Einstein equations hold, and that the future conformal boundary has a covering by a compact orientable manifold with a first homology group containing at least one element of infinite order. Then M cannot be past null geodesically complete.
Now the existence of a period of Inflation -no matter how it was caused, whether by an inflaton field or in some other way -means that, from the point of view of the pre-inflationary Universe, spacetime was then future asymptotically de Sitter and nonsingular to the future. The theorem then implies that, before Inflation, the Universe was null geodesically incomplete, provided that [a] the spatial sections at the end of Inflation had the topology described [as they did in the case where they included at least one circular factor] and that [b] the NEC and the Einstein equations hold at all times. The point here is that the Andersson-Galloway theorem greatly strengthens the results of Borde, Guth, and Vilenkin [9] . The conclusion holds without any assumption about spatial isotropy or homogeneity or even that the Universe had an FRW structure during the era before Inflation: we stress that the topological assumptions in the theorem are made with regard to conditions at the end of Inflation. This is a very important improvement, since conditions in the pre-inflationary era could well have been extremely unusual. Notice too that the NEC is very much weaker than the Strong Energy Condition assumed by the standard cosmological singularity theorem -the NEC is satisfied by a cosmological constant of either sign, and also by any scalar field with a kinetic term of the usual sign, no matter what the potential may be.
Thus we have an apparent paradox. Having circular factors in the topology of the spatial sections allows string windings, which should help to resolve an initial singularity; yet these same circular factors combine with Inflation to strengthen the classical singularity theorem dramatically, and appear to demand that a singularity should after all be present during the pre-inflationary era. Let us examine what this means for the recent work suggesting that various kinds of string windings can resolve the initial singularity. We also briefly discuss suggestions that modifying the Einstein equations in the pre-inflationary era might solve the problem.
Attempts to Evade the Andersson-Galloway Theorem
We shall consider three recent efforts to use flat, topologically non-trivial spatial sections to resolve the initial cosmological singularity.
Anisotropies
Much work has recently been devoted to the idea that flat orbifolds might have something to teach us about real cosmological singularities. Since the spatial sections of the orbifold contain a circle, it is natural to investigate whether back-reaction from string windings on such a background can resolve the singularity, and this has been done with great care in [4] .
Berkooz et al make the very reasonable observation that winding strings produce an energy density proportional to the radius of a single compact dimension, and so they mimic a cosmological constant in one space and one time dimension. Since two-dimensional de Sitter spacetime can "bounce", this is promising, and Berkooz et al do indeed succeed in showing that it is possible to have one dimension bounce in this way, without violating the NEC, provided that the spacetime is sufficiently anisotropic. Is there any hope of generalizing these results so that more than one dimension can bounce? If wrapping strings in one direction can dispel the singularity in that direction, may we hope that wrapping more than one direction can have similarly beneficial effects for those dimensions -perhaps with the aid of a sufficient amount of anisotropy or inhomogeneity?
The answer given by the Andersson-Galloway theorem is, of course, negative. Berkooz et al are able to arrange for one dimension to bounce, but generically there are other dimensions which contract to zero size, in finite proper time, either in the past or in the future. The Andersson-Galloway theorem shows that this behaviour cannot be avoided in a useful way, no matter how anisotropic the expansion may be or how much inhomogeneity is permitted. The best one can hope for, given the existence of at least one circle in the spatial sections, is that the other dimensions might remain exactly static: then the bounce in the circular dimension does avoid a singularity. This is precisely how the Nariai spacetime avoids being singular [13] . But the Nariai spacetime is far indeed from being "generic": the very fact that the other two spatial dimensions are exactly static is obviously a special property, and furthermore an arbitrarily small perturbation causes the spacetime to become nakedly singular 3 . In any case it is obvious that this kind of behaviour does not describe what happens during Inflation.
In short, the fact that winding strings behave like a two-dimensional cosmological constant does indeed allow them to make one dimension "bounce". Unfortunately, this cannot be done for more than one dimension simultaneously. Thus string windings in themselves do not solve the singularity problem.
Tachyon Condensation
Perhaps the most satisfactory route to singularity resolution in string theory is associated with tachyon condensation [14] . McGreevy and Silverstein [5] have attempted to extend this idea to the case of the initial cosmological singularity. The idea is that at very early [pre-inflationary] times, when the scale of a toral spatial section is about the string length scale, tachyon condensation, now local in time instead of space, will interrupt any attempt to evolve the system backwards in time to the Bang. The earliest era is replaced by an intrinsically stringy state, in which spacetime is effectively static on scales below the string scale [see Figure 1 of [5] ].
Recently, Nakayama et al [6] have made this idea much more explicit, using a threeparameter sine-Liouville theory which can be analysed using conformal field theory methods. They have also given an "intuitive" effective field theory model of the tachyonic winding string. In the approximation in which its mass is constant, the tachyon field T is governed by an action of the form
where R is the scalar curvature and − κ 2 is the [negative] squared mass of the tachyon. On a spatially flat FRW background [with T dependent only on cosmic time t], one has a scale function a(t) which satisfies
while the equation for T is justT
Nakayama et al observe that both of these equations are solved if a(t) is a constant [say unity] and T is given by T(t) = α e − κ t , where α is a constant. One can then say that the large value of T(t) in the remote past represents the condensed state of the tachyon, associated with a static, non-singular Universe. One can suppose that this era develops into an inflationary era, and that the evolution proceeds in the familiar way.
The Andersson-Galloway theorem performs the useful service of informing us that there must be something wrong with this picture. In fact, the problem is as follows. The Raychaudhuri equation 4 for a FRW cosmology with energy density ρ and pressure p states that the scale factor must satisfy
In the present case, with T(t) = α e − κ t , this equation states
We see at once that a(t) = 1 is not in fact possible here, since this equation has no constant solutions. If κ or α are sufficiently small, then perhaps one can have a quasi-static solution for a lengthy period, but this solution will break down at some point during the era of tachyon condensation, if not later. One might hope that the breakdown of any quasi-static solution might simply signal that Inflation has begun. Unfortunately, the Andersson-Galloway theorem tells us precisely that this will not save the situation: it is clear from the action given in equation (1) that, at this level of approximation, the Einstein equations do hold, and so does the NEC. According to our discussion above, the existence of a subsequent inflationary period therefore guarantees that, whatever happens between the era of tachyon condensation and the end of Inflation, a singularity must develop at that time if it has not done so earlier. Again, we cannot appeal to the fact that the approximation of constant mass is a rather crude one, since this will not change the fact that the conditions required by the Andersson-Galloway theorem are satisfied.
It is clear that the only hope for obtaining a static spacetime lies in the possibility that the higher-order terms neglected in equation (1) will lead to violations either of the NEC or of the Einstein equations. Whether NEC violation is physically acceptable is very doubtful: see [15] [16] [17] for a variety of points of view on this question. By contrast, one certainly does expect that the higher-order terms will modify the Einstein equations. However, it is questionable whether these modifications will be such as to allow for static solutions. The gravitational field equations can of course always be written in the Einstein form if one simply declares that all higher-order terms are to be regarded as contributions to the stress-energy-momentum tensor. The first-order Friedmann equation, combined with the Raychaudhuri equation, then tell us that the total "energy density" and "pressure" must both vanish exactly in the case of a static FRW spacetime with flat spatial sections. The question then is: why should we believe that the higher-order terms in (1) will exactly cancel all other contributions to the "energy density" and "pressure"?
The action in (1) was only presented as a way of giving us an intuitive picture of the spacetime structure during the era of tachyon condensation. The fact that it does not really work could lead us to conclude that such an intuitive picture cannot be constructed, not that tachyon condensation fails to resolve the initial singularity. In fact it may well be that the physics of the condensed tachyon state cannot be understood in terms of familiar ideas about space and time. We shall return to this in Section 3. In the meantime let us consider yet another way in which flat, compact spatial sections might avoid an initial singularity.
Creation from Nothing
One of the most attractive approaches to solving the cosmological singularity problem is "creation from nothing" [18] [19] . This idea has been embedded in string theory by Ooguri et al [1] , who consider a two-dimensional spacetime created along a one-dimensional torus. It was argued in [2] that for these ideas to work for a four-dimensional spacetime, toral spatial sections are a necessity. Since "creation from nothing" automatically solves the problem of the initial singularity, we see once again that toral spatial sections play a crucial role in removing that singularity.
The Andersson-Galloway theorem here is evaded by means of an assumed modification of the Einstein equations. The objective here, however, is very much more modest than in our discussion of winding tachyon condensation: instead of requiring a static spacetime, we merely need one which allows for the existence of a single spacelike hypersurface of zero extrinsic curvature. It is not hard to construct modifications of the Einstein equations which have this effect when the spatial sections are flat. However, we would like to draw the reader's attention to the following remarks, which show that the situation here is not as straightforward as it may seem.
First, by no means all modifications of the Einstein equations are acceptable in string theory, particularly when non-perturbative effects are taken into account. For example, the tachyon condensation process discussed above involves a negative contribution to the squared mass, arising from a Casimir contribution to the energy of a string worldsheet [20] . This prompts a guess that Casimir-like effects arising from spatial compactification 5 will modify the Friedmann equation for the spatially flat version of de Sitter spacetime, perhaps in the following way [22] :
where a(t) is the scale factor, L inf is the inflationary length scale, and C is some positive constant. This does allow for a flat hypersurface of zero extrinsic curvature, along which the Universe might be "created from nothing". Surprisingly, however, it can be shown [12] that this system is unstable in string theory, due to non-perturbative instabilities of the kind discussed by Kleban et al in [23] . This problem can be solved by modifying (6) to
it was shown in [12] that there is no non-perturbative instability in this case. This equation arises very naturally in the "classically constrained" gravity theory of Gabadadze and Shang [24] . The corresponding metric, describing the creation of a toral Universe from "nothing", is given explicitly in [12] ; the spacetime has a hypersurface of zero extrinsic curvature, and it is manifestly non-singular, despite being asymptotically de Sitter and having a toral conformal boundary. Thus one can evade the conclusions of the Andersson-Galloway theorem by means of a rather well-motivated modification of the Einstein equations. But -and this is our second point -it is not known how to do this within the confines of string theory. The constraints imposed by non-perturbative string effects do suggest [see also [25] ] that the "stringy" version of the Einstein equations does lead to a Friedmann-like equation resembling (7). But we are far from being able to derive such a result. Thus we do not know whether "creation from nothing" is really possible within string theory, and we cannot say whether this is the way in which string theory resolves the initial singularity.
The Ultimate Twins
It is clear that the existence of an inflationary era makes it exceedingly difficult to resolve the initial singularity. It may be that the problem is merely technical: perhaps it will be possible to use some version of string theory to derive a Friedmann equation resembling equation (7), and, using it in combination with the ideas of Ooguri et al [1] , to construct a completely convincing stringy account of "creation from nothing". That would solve the singularity problem in a relatively simple way. In this section, however, we return to the ideas of McGreevy and Silverstein [5] and speculate as to the meaning of the problems discussed in Section 2.2.
Consider the familiar version of de Sitter spacetime with flat spatial sections, with spacetime length scale L [associated with the cosmological constant] and with metric
We may call this "Spatially Cartesian de Sitter spacetime". Let us compactify the spatial sections to cubic tori -the details of this will be discussed below -so that the metric becomes
where we are using angular coordinates on the circles of which the torus is comprised and K is the radius of these circles at t = 0. Now introduce into this spacetime a static, three-dimensional network of straight strings. [Such strings can be winding strings if they are sufficiently long.] Thinking of this network as a "fluid", one easily sees that the energy density and pressure are related by an equation of state given by
The Einstein equations can be solved in this case, in the following interesting way. Since ρ string + 3 p string = 0, the contribution of the strings to the right side of the Raychaudhuri equation (4) is exactly zero, and so the only non-zero contribution is made by the background cosmological constant; the Raychaudhuri equation is justä/a = 1/L 2 . Solving this equation, we find that the metric is
Now this metric is geodesically incomplete at t = 0; it has a curvature singularity there. Once again, we see that a mixture of toral spatial sections and winding strings does not eliminate the initial singularity, and this is our problem. However, the singularity here arises in a peculiar way. For we saw that the strings make no contribution to the right side of the Raychaudhuri equation -they have no role to play in focussing geodesics as we move back in time. The strings do not "cause" the singularity: they are "bystanders" which get crushed to infinite density because the spatial sections shrink to zero size in a finite proper time to the past, and this shrinking is not due to their influence.
To understand what is happening here, note that the geodesic incompleteness of the spacetime with metric g string ( K, L) is demanded by the Andersson-Galloway theoremclearly the spacetime is asymptotically de Sitter, with a toral conformal boundary, the NEC is satisfied, and so on. But exactly the same statements are true of the original Spatially Toral de Sitter spacetime itself. Thus STdS spacetime, with metric given by equation (9) , must be, contrary to appearances, [null] geodesically incomplete; and, from the standpoint of the singularity theorem, it is incomplete for the same reason that the spacetime with metric g string ( K, L) is geodesically incomplete. Let us therefore turn to STdS spacetime, and try to understand why it has to be incomplete.
We begin by noting that "Spatially Toral Minkowski" spacetime, with metric
is an interesting object in its own right. It has sometimes been considered in connection with the "Topological Twins", the variant of the traditional relativistic twins in which the toral topology allows the twins to meet again without accelerating. [See [26] for a recent discussion with many references.] The twins still have different ages when they meet, despite both having geodesic worldlines. The "paradox" can be resolved in various ways; perhaps the most straightforward is to note that the very topological identifications which allow the twins to meet have broken the spacetime isometry group down to a subgroup which is too small to map one geodesic onto the other.
We shall now study a pair of such twins in the STdS spacetime geometry.
As is well known [see for example [25] ], the Cartesian coordinates used in equation (8) cover only half of de Sitter spacetime, the "upper triangle" in the familiar square Penrose diagram of the full [topology IR × S 3 ] de Sitter spacetime dS 4 . Physically, this is precisely the set of all events in dS 4 to which a signal can be sent by an inertial observer at the origin of Cartesian coordinates. This is in fact an open submanifold of IR × S 3 : the Penrose diagram is obtained by deleting from the usual square diagram the lower triangular half, including the diagonal and its endpoints. Thus, the harmless appearance of (8) is deceptive: the spacetime is pathological in the sense that objects can suddenly enter it from "outside". In fact, the harmless appearance of the Cartesian de Sitter metric arises simply because we choose to describe the geometry using a family of inertial observers such that all of the corresponding spatial sections just barely avoid the region which has been cut away. The timelike curve OEB shown in Figure 1 represents the worldline of one of these observers, one who passes through the event E corresponding to the two-sphere of radius πK in the spacelike surface t = 0 [in which the Cartesian coordinates x,y,z measure proper length]. This two-sphere can be enclosed in a cube of side length 2πK, and this cube can be allowed to expand or contract as we follow the sphere either into the future or the past along the chosen geodesic. We obtain Spatially Toral de Sitter [STdS] spacetime by performing the usual identifications of the faces of these cubes. [We remind the reader that more complicated identifications can be performed [27] if one so desires.] The effect on the Penrose diagram is [to a good approximation] to cut away all parts of the original triangle which lie to the right of the chosen geodesic OEB; this is the dotted region in Figure 1 . Note that conformal infinity is also compactified to a torus: it is represented by the solid part, AB, of the upper horizontal line.
It is clear that, with the crucial exception of the point O in Figure 1 , no part of the STdS Penrose diagram intersects the line OC along which the original [uncompactified] spacetime was geodesically incomplete. Furthermore, all of the geodesics perpendicular to the surfaces t = constant are inextensible, since the coordinate t measures proper time for them, and the point O is at "t = − ∞". These facts may explain the widespread belief that the compactified spacetime is geodesically complete. This is not correct, however, as Galloway [11] has emphasised. The point is that the timelike geodesics defining the coordinates used in equation (9) do not pass through the faces of the distinguished cube. Other timelike and null curves will do so, however, and of course one has to check whether the proper time [or affine parameter] along all of these curves, too, is infinite. In fact, the Andersson-Galloway theory implies that it is not, and we can verify this explicitly as follows.
Consider the timelike geodesics G 1 , G 2 shown in Figure 1 , where G 1 is just the taxis OA, and G 2 is the curve extending down from D which appears to "bounce" back and forth between the origin and the distinguished geodesic OEB. [Being timelike, this geodesic should not be represented by straight segments in the conformal diagram, and we have made an attempt to show this.] In reality, G 2 is smooth: it is just winding around the torus. [The "bounces" on the left side of the diagram represent the curve passing through the origin and continuing through to the other side; the "bounces" on the right represent what happens when the curve passes through a face of the distinguished cube.] If we trace it back to the point O, it will wrap around the torus infinitely many times.
In the metric (9), the vector ∂/∂t is not a Killing vector, but ∂/∂θ i , i = 1,2,3, clearly is; thus, the product of this field with the tangent vector to a timelike geodesic [parametrized by proper time] is constant along the geodesic. We have, for any timelike geodesic,
where s i is a constant along the geodesic and τ is proper time along this geodesic. One can think of s i as a parameter which distinguishes the speeds [in the θ i direction] of freely falling objects, relative to the local observer with constant spatial coordinates, at [say] t = 0. Clearly the s i are all zero if and only if the geodesic is one of those corresponding to the t-coordinate lines [such as G 1 ]. Now since the tangent is a unit vector, we have, assuming that the object is moving in the θ 1 direction,
and so dt dτ
If t = T at the point D in Figure 1 , then the total proper time P(G 1,2 ) along either G 1 or G 2 is
Now G 1 and G 2 are supposedly "twins": they enter the spacetime at O. What is the difference in their ages at D? For G 1 , s 1 is exactly zero, so G 1 is infinitely old at D. For G 2 , by contrast, we have
which is finite since s 1 is not zero here. Thus we have the most extreme version of the "paradox of the twins": one of the twins is not merely older, as in Spatially Toral Minkowski spacetime -he is in fact infinitely older than the other. Spatially Toral de Sitter spacetime is indeed timelike geodesically incomplete, since it contains inextensible timelike geodesics of finite length [11] . For a null geodesic N extending down from D, representing a ray of light entering the spacetime at O and propagating in the θ 1 direction, a similar calculation [identical except that 0 replaces 1 on the right side of (14), and affine parameter replaces proper time] yields
where A(N) is the total affine parameter along N; this is always finite since s 1 cannot be zero in this case. Thus the spacetime is also null geodesically incomplete, as the Andersson-Galloway theorem requires. The mathematics of this situation is elementary, but its real physical meaning is extremely obscure. The question as to whether this Universe has a beginning is a matter of opinion: one will get different answers from G 1 and G 2 . Even among observers who agree that the Universe does have a beginning, there will be arbitrarily large disagreements as to how old it is. For the right side of equation (17) diverges as s 1 tends to zero, so the slightest difference between two small values of s 1 leads to vast differences between the respective ages of the corresponding objects. Thus the very concept of "the age of the Universe" becomes incoherent.
Furthermore, very strange consequences follow from the fact that all freely falling objects which circumnavigate this Universe do so a literally infinite number of times. Suppose, for example, that the spatial sections are not tori but rather the product of a flat Klein bottle with a circle, KB 2 × S 1 , with the flat three-dimensional metric. Each circumnavigation around the "twisted" direction of the Klein bottle reverses orientation. At the point D in Figure 1 , by which time one of the twins -the one whose age is finite -has had his orientation reversed infinitely many times, are the "twins" both left-or right-handed? There is no answer to this question. Again, it is possible [28] for parallel transport around non-contractible loops to convert particles to anti-particles; once again, this means that we simply cannot say whether the "twins" are both made of particles or of antiparticles when they meet. Similar ambiguities can arise for time orientation. Clearly it simply does not make sense for parallel transport to generate discrete transformations in this spacetime.
However, in the case of winding tachyons, parallel transport does generate a discrete transformation. On a torus, T 3 , the parallel transport of vectors is trivial. However, the parallel transport of spinors around T 3 need not be trivial: since the spin holonomy group of any spin manifold projects onto its vector holonomy group, the sign of a spinor can be changed by parallel transport around a non-contractible loop. Spin connections of this kind are an essential ingredient of the singularity avoidance mechanism proposed in [5] , so we are precisely in the situation described above: the sign of a spinor changes infinitely many times in a finite interval of proper time.
The reader may object that this discussion only applies to the STdS spacetime geometry. However, it can be shown [29] that the Penrose diagram for the spacetime with metric g string ( K, L) has precisely the same shape as the one portrayed in Figure 1 , so it is still the case that objects emerging from the singularity will in general perform an infinite number of circumnavigations. Again, it does not make sense for a fermion to do this when, as is the case in the winding tachyon scenario, one has imposed antiperiodic boundary conditions.
We conclude that, whatever may be the case mathematically, it is physically not meaningful to probe these spacetimes back to "the beginning of time". If we are to picture the period of tachyon condensation, we should think of it not as a static but rather as a chaotic era in which a particle's age and spin orientation, and perhaps its charge and other generalized "orientations", are so sensitively dependent on earlier conditions that they lose all meaning. The singularity is still technically present, as the Andersson-Galloway theorem demands, but it inhabits a region of spacetime which cannot be probed by objects with well-defined properties.
Conclusion
One of the fundamental features of Inflation is its tendency to eradicate evidence of whatever preceded it. This is of course often desirable, but it apparently does not help us to understand the initial singularity. In this work we have emphasised that, in cases where the spatial sections at the end of Inflation have at least one circular factor, the existence of an inflationary era actually greatly strengthens the classical cosmological singularity theorem. This is extremely interesting, in view of recent claims [4] [5] [1] that circular factors help to resolve the initial singularity. We have argued that the apparent paradox will be resolved in one [or perhaps both] of two ways.
First, it may be that string theory modifies the Einstein equation so that the Friedmann equation resembles equation (7) . This will allow, without inducing non-perturbative instabilities, the existence of a surface of zero extrinsic curvature, along which the Universe can be "created from nothing" in accordance with some four-dimensional version of the wave function constructed by Ooguri et al [1] .
The second option is to accept the mathematical conclusion of the Andersson-Galloway theorem, but to argue that the geodesic incompleteness it demands indicates the presence of a singularity which cannot, if winding tachyons condense in the manner proposed by McGreevy and Silverstein [5] , be probed in a physically well-defined way. The era of winding tachyon condensation is pictured as a "chaotic" phase in which the discrete properties of particles are so changeable as to be essentially meaningless.
